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Abstract— Werevisit the classicproblem of developing a spatial
correlation model for natural imagesand video by proposing a
conditional correlation model for relatively nearby pixels that is
dependent upon four parameters. The conditioning is on local
texture and the conditional correlation model is presentedfor
eachof the nine 4 by 4 intra-modes usedin the AVC/H.264 video
coding standard. We use this conditional correlation model to
calculate the conditional rate distortion function when universal
sideinformation is available at both the encoderand the decoder
We demonstrate that this side information, when available, can
save as much as 2 bits per pixel for selectedvideos at low
distortions.

|. INTRODUCTION

Parsimonious statistical models of natural images and
videoscanbe usedto calculatethe rate distortionfunctionsof
thesesourcesaswell asto optimizeparticularimageandvideo
compressiormethods.We proposea conditional correlation
model for two close pixels in one frame of digitized natural
video sequencesyith the conditioningbeingon the texture of
the blockswherethe two pixels arelocated.To studythe new
correlationmodelconcretelywe pick the blocksizeas4 4 and
catgyorizethe local texture usingthe 9 intra-frameprediction
modeswhichwereintroducedn the AVC/H.264videocoding
standard[1]. The performanceof the new correlationmodel
is demonstrated¢hrough comparisonwith the approximated
correlationcoefcients of real video sequencegSectionlll).

We further study the mamginal rate-distortionfunction of
the differentlocal textures,i.e., differentintra-modes.These
mauginal rate-distortiorfunctionsareshavn to bevery distinct
from eachother Classicalresultsin information theory are
then utilized to derive the conditionalrate-distortionfunction
whenthe universalside information of local texturesis avail-
ableat boththe encoderandthe decoderWe demonstratehat
by involving this “free” sideinformation,the lowestratethatis
theoreticallyachiezablein video compressiorcanbe asmuch
as?2 hits perpixel lower thanthatwithout the sideinformation
(SectionlV). We concludethis paperandprovide insightsinto
future researchn SectionV.

Il. STATISTICAL MODELS PROPOSED IN THE PAST

A. In the spatial domainfor images

The researchon statistically modeling the pixel values
within oneimagegoesbackto the 1970swhentwo correlation
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functionswere studied.Both assumea Gaussiandistribution
of zeromeananda constantvariancefor the pixel values.The
rst oneis
s( i j)y=e€ 1 (I.1)

with i and | denotingoffsetsin horizontal and vertical
coordinatesThe parameters and control the magnitude
of correlationin the horizontaland vertical directions,respec-
tively, andtheir valuescanbe choserfor differentimages|2].
Theseparabilityin spatialcoordinatesn this correlationmodel
facilitatesthe analysisof the two-dimensionalrate-distortion
behaior of images using the one-dimensionalKahrunen-
Loeve transform(KLT).

The second correlation model studied previously is an
isotropic function

s( b j)=e (1.2)

This model implies that the correlationbetweentwo pixels
within an image dependsonly on the Euclidean distance
betweenthem [3]. The major advantageof this modelis that
it hasa closed-formtwo-dimensionalFourier transformand
thereforeleadsto a closed-formrate function and distortion
functionon acommonparameterThe subscripts in both(11.1)
and(11.2) emphasizeshat thesetwo correlationfunctionsare
in the spatialdomain.

Thesetwo correlationmodelsfor naturalimagesare simple
yet effective in providing insights into image coding and
analysis.However image and video coding schemesare ever
adwancing and the difference betweenthe performanceof
various schemesis much more subtle than several decades
ago.

Figure 1 plots the approximatedcorrelation coefcients
(0 ) of two digitized naturalimages both of which are
from two digitized naturalvideo sequencearis.cifandfoot-
ball.cif, respectiely. For a digitized imagelet X (i; j) denote
its pixel valueatthei™ row andthej ™ column,andM andN
denotethe numbersof rows and columns,respectiely, in the
image. The approximatedcorrelationcoefcient ~s( i; )
of this imagecanbe expressedas
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for O i M 10 j N 1. The summations
in (I1.3) are taken over all pixels whose coordinatessatisfy
0 i M 1 i,0 | N 1 j . Calculated
thisway, ~s( 1; ]) is expectedto approximate s( i; j).



However in Fig. 1 we can seethat when i and | are
largerthan 50, which is muchsmallerthanthe imagesizewe
encountein presengpplicationsfor example352 288in this
gure, the approximatedcorrelation coefcients ~s( i; j)

areratherarbitraryandneitherof the two correlationfunctions
can model this behaior. Correspondinglythe rate-distortion
analysis of natural imagesbasedon thesetwo correlation
functionsis far from being accurate.
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Fig.1. Theapproximateaorrelationcoefcient s( i;
naturalimages

j) of two digitized

B. In the transformeddomainfor videos

Researchergorking on video compressioralsohave devel-
opedstatisticalmodelsof imagesin the transformeddomain.
The most popular among them treats the discrete cosine
transform(DCT) coefcients in thepredictedramesof avideo
sequenceas uncorrelated_aplacianrandomvariables[4]. If
we usethe absolutemagnitudedistortion measured(x; ®) =
jX  Rj, thenthereis a closedform rate distortion function
which can be expandedinto Taylor seriesand approximated
by R(D) = aQ '+ bQ 2. In this formula,the distortionis
measuredy the averagequantizationscaleusedin the frame.

This quadraticrate distortion function lays the foundation
for the rate control schemeq5]-[7] that are adoptedby the
internationalideocodingstandardssuchas|SO MPEG-4and
ITU-T H.263.In theserate control schemesthe quantization
stepsizeswhich are indexed by the quantizationparameters

(QPs), are chosen optimally based on the quadratic rate
distortion function, numberof bits left to consumeand the
approximatecoding compleity. The bits spent coding the
other syntax elements,consideredto be mainly the motion
vectors,are monitoredand predictedthroughsimple linear or
nonlinearfunctions.

The Laplacianmodelfor DCT coefcients becomedessap-
propriatesinceemeging video compressiorschemesuchas
AVC/H.264 which offer signi cantly highercodingefciency
andbetterresilienceto pacletlossesncludea numberof new
schemessuchas9 intra-framepredictionmodesanddifferent
block sizes.Furthermorethe motion estimationand compen-
sationschemehasevolved from full-pix el predictionbasedon
only onepreviousframe,to quarterpixel predictionwith 6-tap
FIR lter, basedon multiple framesin both directions,with
e xible weightsamongthesepredictionframes[1].

Thesenen schemesand re nementsstretchthe Laplacian
model of the DCT coefcients for two reasonsFirstly with
all the options offered in the codecsand the very small
processedlock sizes,the majority of the bandwidthis very
likely to be allocatedto transmitthe coding parametersand
the motion vectors of each block, especiallyin the low to
mediumbit rate applications Sincethe Laplacianmodelonly
treatsthe DCT coefcients, it becomesnsufcient to represent
the information in the video source. Secondly and more
importantly thesecoding options and parametersare to be
chosen,in an optimal way if possible,before the DCT or
DCT-like transformscanbe appliedto the residueblock. This
is consideredas a rate distortion optimization problem and
the mostpopularsolutionto this problemhasbeento conduct
optimizationwith a x edQP. However, from the perspectie of
theratecontrol,the QP is to be optimally choserbasedon the
residuedataaftertheratedistortionoptimizationis performed.
Thereforethere is a “chicken and egg” dilemma arti cially
causedy modelingthe statisticsn thetransformediomain.A
coupleof recentlyproposedschemedollowing the sametrend
[8], [9] try to tackle this dilemmaby either engaginga “two
passscheme”or de ning a “basic unit”. This is an ongoing
researchareaand for more recentactvities pleaserefer to
[10]. However a new and promisingdirection of solving this
problemis to set up a statisticalmodel of the video source
in the spatial-temporablomain and the rate control and rate
distortion optimizationbecomea uni ed problem.This is the
direction taken in our researchand in this paperwe focus
on the correlation model and correspondingrate-distortion
analysisin the spatialdomainof video.

I1l. DEFINITION OF BLOCK-BASED CONDITIONAL
CORRELATION MODEL

In this sectionwe proposea new correlationmodelin the
spatialdomainof a digitized naturalimageor animageframe
in a digitized naturalvideo. We assumethat all pixel values
within one naturalimageform a 2-D Gaussiarrandomvector
with memory and eachpixel value is of zero meanand the
samevariance 2

Fromthe discussiorin Sectionll-A, we know thatto study
the correlationbetweentwo pixel valueswithin one natural
image,thesetwo pixels shouldbe locatedcloseto eachother
comparedto the size of the image.Also for a sophisticated
correlationmodel, the correlation betweentwo pixel values



should not only dependon the spatial offsets betweenthese
two pixels but also on the other pixels surroundingthem.
Intra-framepredictionis a new featurein AVC/H.264which
removesto a certainextent, the spatialredundang in neigh-
boring4 4 blocksor 16 16 macroblockgMBSs). If a block
or MB is encodedn intra mode,a predictionblock is formed
basedon previously encodedand reconstructedsurrounding
pixels. The predictionblock P is subtractedrom the current
block prior to encoding.For the luminancesamplesP may
be formed for each4 4 sub-blockor for a 16 16 MB.
Thereareatotal of 9 optionalpredictionmodesfor each4 4
luminanceblock asshavn in Fig. 2 and4 optional prediction
modes(modeO to 3 in Fig. 2) for a16 16 luminanceMB.
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Fig. 2. Theintra predictionmodesfor 4 4 blocksin AVC/H.264

Apart from its advantagein sasing sourcebits, the intra-
frame predictionrevealswhich oneout of the 9 differentlocal
texturesthat areidenti ed by their orientations(intra-modes)
is the mostsimilar to the texture of the current4 4 block or
16 16 MB. It is reasonabldéo conjecturethat the difference
in local texture also affectsthe correlationbetweentwo close
pixels. Let us look at Fig. 3 and focus on the loose surface
(the meshsurfacewith lessdatapoints)in eachsubplotfor the
time being.In this gure we plot the approximatecorrelation
coefcients of two pixel values *s( i; j) in the image
paris.cif accordingto the formula (11.3), averagedamongthe
blocksthathave thesameintra-modeWe choose i and | to
bevery smallto concentrat®n the dependencef the statistics
on local texture in animage.

Figure 3 shavs that the average approximatecorrelation
coefcients ~s( i; j) is very different among the blocks
with differentintra-modesAnd for the blockswith onecertain
intra-mode,s( i; j) demonstrates certain shapewhich
agreeswith the directionof the local texture. For examplethe
intra-mode0 in Fig. 2 hasa vertical texture, correspondingly
in Fig. 3 for the intra-mode0, the approximatecorrelation
coefcients are closeto 1 for the samevalueof j, i.e., the
pixels on the samecolumnhave similar values.If we average
~s( i; j) acrossall the blocks in the image, we will get
whatis shaovn in Fig. 1, but the importantinformation about
the local texture will be lost.

In the following we proposea new block-based:orrelation
coefcient modelwhich takesinto accountits dependencen
thelocal texture. It is very importantto point out thatit is not
necessaryo usethe intra-modeso identify the local texture,
andtherecouldbe morethan9 cateyoriesfor thelocal texture.

We chooseheintra-modeschemehatis adoptedn the coding
standardAVC/H.264 for its broadrecognition.

De nition 3.1: The correlationcoefcient of two pixel val-
ueswith spatialoffsets i and | is de ned as

sC B JiYi=y1,Y2=y0)
=1 (i giyn+ (i

where
v i+ v .

(
(11.5)
Y, andY; aretheintra-mode®f the4 4 blocksthetwo pixels
are locatedin, respectiely, and thereforethey are integers
between0 and8. The parameters, , and arefunctions
of the intra-modeY .
It can be shavn easily that this de nition satis es the
restrictionsfor a functionto be a correlationfunction:

sC I JiYi=y;Y2=y2) 2[ 1;1]and s(0;0jY1 =
yi,Y2=y2) = 1
sC o jiYr = yiiYa = y2) = (0
y1; Y2 = ¥2).
This correlationfunction discriminatesall the 9 intra modes.
Thereforethe correlation betweentwo pixel valuesin one
imageis dependenbn the local texture wherethe two pixels
are located.As the spatial offsetsbetweenthe two pixels i

(I11.4)
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and j increase, s( i; jjY1= y1,Y2 = y,) decreaseata
differentspeeddependingon the four parameters, , and
The changeof the four parametersa, , and from one

block to anotherin the sameframe,from oneframeto another
in the samesceneand from one sceneto anotheris currently
underinvestigation.In this paperwe choosethe combination
of thefour parameterghatjointly minimizesthemeanabsolute
error(MAE) betweerthecorrelationcoefcients approximated
for awhole video frameandthosecalculatedthroughthe new

model. Theseparameterdor one framein paris.cif and their

correspondindMAE arepresentedn Tablel. We canseefrom

this table that the parametersaissociatedvith the new model

are very distinct for differentintra-modeswhile the MAE is

always kept very small. In Fig. 3 we plot ( i; jjy) of

all the intra-modesfor the sameimage paris.cif using these
optimalparametersiWe canseethatthe new spatialcorrelation
modeldoescapturethe dependencef the correlationbetween
two pixels on the local texture and ts the approximate
correlationcoefcients very well.

TABLE |
THE OPTIMAL PARAMETERS FOR ONE FRAME IN PARIS.CIFAND THEIR
CORRESPONDING MEAN ABSOLUTE ERRORS (MAES)

a MAE
ModeO| 0.3 | 05| 0.0 | 1.2 | 0.027
Model| 05| 05| 1.2 | 0.0 | 0.055
Mode2 | 0.7 ] 0.2 0.0 | -1.2 | 0.044
Mode3| 0.7 ] 05| -1.9 | -1.0 | 0.057
Mode4 | 0.7 ] 05| -1.0 | 1.9 | 0.047
Mode5| 0.6 | 0.4 | 0.6 | -1.8 | 0.037
Mode6 | 0.6 | 0.4 | -1.9| 0.6 | 0.033
Mode7 | 0.6 | 0.4 | 0.7 | 1.8 | 0.037
Mode8| 0.7 ] 0.6 | -1.7 | -0.4 | 0.057
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Fig. 3. The loose surfaces(the meshsurfaceswith less data points) are
the approximatecorrelation coefcients of two pixel valuesin the image
paris.cif, averagedamong the blocks that have the sameintra-mode.The
densesurfacesare the correlationcoefcients calculatedusing the proposed
conditionalcorrelationmodel, alongwith the optimal setof parameters

IV. RATE-DISTORTION FUNCTIONS AND CURVES FOR ONE
BLOCK AND ITS SURROUNDING PIXELS

In this section, we study the rate distortion curves and
boundsfor one4 4 block andits surroundingpixels using
the new correlationmodel in the spatial domain. The basic
setup canbe summarizedn the block diagramin Fig. 4. X
denoteghe4 4 block currentlybeingprocessedTo simplify
the derivation, X is consideredas a vector sourceof length
16 insteadof a two dimensionalsourceof size 4 by 4. As
discussedn Sectionlll, the surroundingl3 pixels (9 on the
top and4 on the left, denotedby S of length 13) are usedto
form a predictionblock for eachone of the 9 intra modes,as

z=x PMs; (IV.6)

wherePéa) is a 16 by 13 matrix, differentfor eachintra mode.
A is theintra modechoserfor the currentblock which yields
the smallestpredictionerror. Z and A are further codedand
transmittedto the decoder where inverseintra-predictionis

performed,as
X=2+prM8 (IV.7)

Y in Fig. 4 denotegheinformationof intra modesformulated
from a collection of natural imagesand is consideredas
universalside information available to both the encoderand
the decoder

|s | ¢
X Intra LA Intermediate Z;A Inverseintra X
prediction processing predicton [

Iy [y
Fig. 4. Codingof one4 4 block X basedon the surroundingpixels S
To study the minimum rate that can be achieved theoreti-

cally in videocompressionwe consideronly the casewhereS
andX arejointly codedwith the averagedistortionconstraint:
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We study this casein two conditions: with or without
the universal side information Y. Jointly coding S and X
without the universalsideinformationY is the casenormally
studiedin information theory Therefore,we emphasizethe
latterconditionwherethe universalsideinformationY is taken
into account.

A. Not taking into accountsideinformationY

This forms a straightforward rate-distortionproblem of a
sourcewith memory which has beenstudied extensvely. It
canbe expresseds

Ruitouy (D) = sk 9

min ———
p(R:8ix;s)(1V:8) JSj+ jX|
The correlationmatrix is

(IV.9)
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wherethe conditionalcorrelationcoefcients areexactly what
thenew modelde nes. The correlationmatrix calculatedusing
the above equationshouldbe similar to thosecalculatedfrom
the old spatialcorrelationmodels(ll.1) and (11.2).

The rst orderstatisticsof the universalsideinformationY,
P[Y = y], denoteghe frequeng of occurrenceof eachintra-
mode,i.e., eachtexturein the naturalimagesandvideos.This
informationcanbe consideredisavailableboth at the encoder
and decoder In this sectionwe plot all the rate-distortion
functionsand boundsfor one luminanceframe from eachof
thetwo video sequenceparis.cifandfootball.cif asexamples.
Eachpixel is codedusing8 bits. The varianceof all the pixels
in eachimageis calculatedandemployed. Thenew conditional
correlationcoefcient model(111.5) is usedwith the parameters
shavn in Tablel. P[Y = y] is calculatedasthe averageover
framesfrom ten natural video sequencesommonly usedas
examplesin video coding studies.

B. Takinginto accountsideinformationY

_Thisforms a conditionalrate-distortiorproblemof a source
with memory:

Rwitny (D) =
= _p
Dy:

min N — X,S,X,éY
PSSy 1 v:i8) ISITIX (XS:2:59Y)

yRxsjyy@OyPLY =y (VD

min
yDyP[Y=y] D

Becausehe proposedcorrelationmodeldiscriminatesall the
intra-predictionmodes,we can calculatethe mamginal rate-
distortion functionsfor all the intra-modes,Ryx .sjy=y(Dy),
as plotted in Fig. 5 for one frame in paris.cif. Theseplots
shav that the rate-distortionbehaior for the blocks with
differentlocal texture,thereforedifferentintra-modesarevery
different.Without the conditionalcorrelationcoefcient model
proposedin this paper this differencecannotbe calculated
explicitly. The relative order of the 9 intra modesin terms
of the averagerate per pixel dependson the texture and the
parametersassociatedvith the correlationcoefcient model



for each intra-mode. For example, mode 2, which is DC
prediction,consumesery little rate comparedto otherintra-
modes.
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Fig. 5. Marginal rate-distortion functions of all the intra-modes,

Rx sjy=y(Dy), for oneframein paris.cif

Utilizing the classicalresultsfor conditionalrate distortion
functions[11, Theoremb], it canbe provedthatthe minimum
in the above equation(lV.11) is achieved at Ds wherethe
slopesw are equalfor all y and y DyP[Y =
y] = D. In Fig. 6 we plot thisminimumR yithouty (D) aswell
as Ryiny (D) assolid lines and dashedlines, respectiely.
Comparingthesetwo curvesfor both paris.cifandfootball.cif
shaws that engagingthe rst-order statisticsof the universal
side informationY sasesasmuchas 2 bits per pixel at low
distortion levels, which correspondgo abouta reduction of
200 Kbits per frame for the CIF videosand 3 Mbps if the
videos are played at a medium 15 framesper second.This
difference fades quickly for football.cif but remains about
quartera bit per pixel for paris.cif at relatively higher dis-
tortion levels, about350 Kbpsin bit ratedifference.The rate-
distortion curves of paris.cif are generally higher than those
of football.cif dueto the higher pixel variancein paris.cif.

V. CONCLUSIONS

We proposea conditional correlationmodel for two close
pixelsin oneframe of digitized naturalvideo sequencesyith
the condition being the texture of the blocks where the two
pixels are located.The blocksizeis chosenas4 4 andthe
local texture is categorized by the 9 AVC/H.264 intra-frame
predictionmodesin this paper We further study the maginal
rate-distortionfunction of the different local textures, i.e.,
differentintra-modesThesemarginal rate-distortiorfunctions
areshawn to bevery distinctfrom eachother Classicakesults
in information theory are utilized to derive the conditional
rate-distortionfunction when the universal side information
of local textures is available at both the encoderand the
decoder We demonstratethat by involving this “free” side
information the lowest rate that is theoreticallyachievablein
video compressiorcan be as much as 2 bits per pixel lower
than that without the side information. Future work includes
the rate-distortionanalysis of intra-frame prediction in the

pixel variance = 56

T T : .
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(a) paris.cif
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T . : :
——withoutY: code X and S jointly without universal side info Y
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Fig. 6. Rate-distortiorfunctionsof the two conditions

spatialdomainand settingup a correlationcoefcient model
for two pixels that are not locatedin oneframe.
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