New Rate Distortion Bounds for Natural Videos
Based on a Texture Dependent Correlation Model

Jing Hu
Digital Signal Processing Group
Cisco Systems
jinghu@cisco.com

Abstract—We revisit the classic problem of developing a spatial
correlation model for natural images and videos by proposig a
conditional correlation model for relatively nearby pixels that is
dependent upon ve parameters. The conditioning is on local
texture and the optimal parameters can be calculated for a
speci ¢ image or video with a mean absolute error (MAE) usually
smaller than 5%. We use this conditional correlation model to
calculate the conditional rate distortion function when universal
side information on local texture is available at both the ecoder
and the decoder. We demonstrate that this side informationwhen
available, can save as much as 1 bit per pixel for selected \dds
at low distortions. We further study the scenario when the vico
frame is processed in macroblocks (MBs) or smaller blocks ah
calculate the rate distortion bound when the texture informaion
is coded losslessly and optimal predictive coding is utiled to
partially incorporate the correlation between the neighboiing
MBs or blocks. These rate distortion bounds are compared to
the operational rate distortion functions generated in inra-frame
coding using the AVC/H.264 video coding standard.

I. INTRODUCTION

Jerry D. Gibson

Department of Electrical anch@ater Engineering

University of California, Santa Barbara
gibson@ece.ucsb.edu

are actually much higher than the operational rate dishorti
curves of the current intra-frame video coding schemes. For
the same reason, more recent rate distortion theory work on
video coding such as [3], [4] that adopt these two spatial
correlation models have limited applicability.

Due to the dif culty of modeling the correlation among the
pixel values in natural image and video sources, studyiai th
rate distortion bounds is often considered infeasible A5].a
result, in the past two decades, the emphasis of rate ddstort
analysis has been on setting up operational models foripahct
image/video compression systems to realize rate conttel [6
[12] and to implement quality optimization algorithms [5],
[13]-[16]. For example, a very popular such model treats the
discrete cosine transform (DCT) coef cients in the predicted
frames of a video sequence as uncorrelated Laplacian random
variables [17], [18] so that the coding bit rate R and recon-
struction distortion D can be expressed as simple functions
of the quantization parameter g. Other popular operational
rate and distortion models include those proposed in [10]-

Parsimonious statistical models of natural images and2l: [15], [19]-{22] that do not consider packet loss over

videos can be used to calculate the rate distortion funstioRoMmmunication networks and those proposed in [16], [23]-
of these sources as well as to optimize particular image akef] that do take into account possible packet loss over the
video compression methods. Although they have been studi@@tworks. These operational rate and distortion models are
extensively, the statistical models and their correspupdate  derived for speci ¢ coding schemes, and therefore, theyoan

distortion theories are falling behind the fast advancingge P€ utilized to derive the rate distortion bound of videos.
and video compression schemes. In th|§ paper we address the dif cult Fask of modeling the
The research on statistically modeling the pixel valuegorrelation in video sources by proposing a new correlation
within one image goes back to the 1970s when two correlatijode! for two close pixels in one frame of digitized natural
functions were studied [1], [2]. Both correlation function</ideo sequences that is _condmonal on the local texturés Th
assume a Gaussian distribution of zero mean and a const3f! correlation model is dependent upon ve parameters
variance for the pixel values and treat the correlation betwe Wh0se optimal values are calculated for a speci ¢ image or
two pixels within an image as dependent only on their spati§/d€0- The new correlation model is simple, but it performs
offsets. These two correlation models for natural imageeweYery Well, as strong agreement is discovered between the
effective in providing insights into image coding and asigy aPProximate correlation coef cients (as de ned in Eq. 4))
However they are so simple that, as shown later in th%nd the correlation coef cients calculated by the new darre

paper, the rate distortion bounds calculated based on th%’ﬁﬂ rg(;del,with a mean absolute error (MAE) usually smaller
an5%.
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and the decoder. We demonstrate that by involving this side Il. EXISTING STATISTICAL MODELS
information, the lowest rate that is theoretically achideab 1) gtatistical models of images and videcEhe research
in intra-frame video compression can be as much as 1 bjf statistically modeling the pixel values within one image
per pixel lower than that without the side information. Thigypes back to the 1970s when two correlation functions were
rate distortion bound with local texture information takefdi sy died. Both assume a Gaussian distribution of zero mean and
account while making no assumptions on coding, is show\constant variance for the pixel values.
indeed to be a valid lower bound with respect to the operationalThe st correlation model is
rate distortion curves of intra-frame coding in AVC/H.264. o

The incorporation of the new correlation model into exigtin (i jy=e€e 1 Ui (1.1)

models of practical image/video compression systems @ al\ﬁ/ith i and | denoting offsets in horizontal and vertical

EJromis_ingl. we demonst_rate this_by studying t_he COMMOhordinates. The parametersand  control the correlation
blocking schherr]n(ej.u%ed In m%st wfdeo compression standar@isy,e horizontal and vertical directions, respectivehyd aheir
[28]-[31], which divides a video frame intd6 16 mac- 41 es can be chosen for different images [1]. The sepitsabil
roblocks (MB) or smaller blocks before processing. With thﬁ1 spatial coordinates in this correlation model faciésthe
block based nature of the new correlation model, we Stu%alysis of the two-dimensional rate distortion behavibr o

the pe_nalty paid in average rate_ When the correlation amoﬂqages using the one-dimensional Karhunen Loeve transform
the neighboring MBs or blocks is disregarded completely kLT)

is incorporated partially through predictive coding. Aerat
distortion bound is calculated for the scenario when thautext p
information is coded losslessly and optimal predictiveingd (i; j)=-e 2+ 2, (11.2)
is employed. This lower bound is shown to be reasonably tight S ) )
with respect to the operational rate distortion curves afint |1 Nis model implies that the correlation between two pixels
frame coding in AVC/H.264. Furthermore, it is near lineatVithin an image depends only on the Euclidean distance
in terms of average bit rate per pixel versus PSNR of a vid&§tween them [2]. The major advantage of this model is that
frame and therefore can easily be utilized in future videdero it has a closed-form two-dimensional Fourier transform and
designs. therefore leads to a closed-form rate function and ditorti
The correlation model and the rate distortion bounds prddnction on a common parameter. _ _
posed in this paper only deal with the pixels within one frame These two correlation models for natural images are simple

of a video. The model needs to be expanded to modeling g €ffective in providing insights into image coding and
correlation of the pixels that are located in different vide @n2lysis. However image and video coding schemes have

frames. This is currently under investigation and recesults 2dvanced signi cantly and a rate distortion theory that is
show promise when a single temporal correlation coef cier€levant to these more sophisticated method_sh|s needed.

is introduced for every two frames [32]. This local textues d Le_ztthX (i;j) denote the pixel value at the" row and
pendent correlation model and its corresponding ratertisto 1€ 17 column of a digitized image, and lé¥1 and N
bounds are a signi cant step toward obtaining rate distarti denote the numbers of rows and columns in the image. The
bounds for video compression, which has seen few new resifiigProximate correlation coefcienf( i j) of this image

in the last twenty years. In the meantime, the intra-fram@n De expressed as

coding modes in video compression and some applications

The second correlation model is an isotropic function

that only use intra-coded frames, such as digital cinema and [ " XG R0 B+ N
low frame rate surveillance cameras, can exploit these new A i; j)= DCMT XA B DI (I1.3)
results directly. (M (N )

The remainder of this paper is organized as follows. Ifor O i M 10 j N 1. The summations
Section Il we review the existing statistical models of nakur in (11.3) are taken over all pixels whose coordinates satisfy
images and videos, as well as the rate and distortion analy8is i M 1 i, 0 j N 1 j. Fig.
of practical video compression systems in the literature. [L plots the approximate correlation coefcient§ i; j)

Section Il we propose the novel new correlation model based two digitized natural images, selected from two digitize
on local texture. In Section IV we study the marginal rat@atural video sequences, paris.cif and football.cif, eetipely.
distortion bounds of different local textures and derive thWe can see in Fig. 1 that wheni and | are larger
theoretical rate distortion bound with the local texture laes t than 50, which is still much smaller than the image size we
side information. In Section V we derive the rate distortiomncounter in present applications, for exang8@ 288in this
bounds for the “blocking” scheme that is commonly used irgure, the approximate correlation coef cient i; j) are
video coding, with or without prediction across the blocksiather and neither of the two correlation functions can rhode
These various rate distortion bounds are compared to ttiés behavior. Correspondingly, the rate distortion arialp$
operational rate distortion curves of intra-frame codimg inatural images based on these two correlation functions will
AVC/H.264 in Section VI. We conclude this paper and providee inaccurate. This is con rmed later in this paper as the rat
insights into future research in Section VII. distortion bounds calculated based on these two corralatio



functions are shown to be actually much higher than the this formula, the distortion is measured by the average

operational rate distortion curves of the current intaaxfe quantization scalg used in the frame.

video coding schemes. This quadratic rate distortion function is the foundation

of the rate control schemes [6]—[8] that are adopted by the

international video coding standards, such as ISO MPEG-

2/4 [28], [29] and ITU-T H.263 [30]. In these rate control

. schemes, the quantization stepsizes, which are indexeceby th

! ; : - , guantization parameters (QPs), are chosen optimally based
' ‘ on the quadratic rate distortion function, number of bit le

to consume and the approximate coding complexity. The

05

0 ; : bits spent coding the other syntax elements, considered to
% be mainly the motion vectors, are monitored and predicted

05 : : through simple linear or nonlinear functions.

: ' ' The memoryless Laplacian model for DCT coef cients
becomes less appropriate, even for practical video compres
sion system design purposes, since the emergence of new
coding standards such as AVC/H.264. The new schemes and
N o _ re nements in AVC/H.264 [34] reduce the applicability of

o ol the memoryless Laplacian model of the DCT coef cients for
(a) paris.cif . . . .
at least two reasons. First, with all the options offered in
the codecs and the very small processed block sizes, the
majority of the bandwidth is very likely to be allocated to
transmit the coding parameters and the motion vectors d¢f eac
block rather than the DCT coef cients, especially in the low
to medium bit rate applications. Since the Laplacian model
only treats the DCT coef cients, it becomes insuf cient to
represent the information in the video source. Second and
more importantly, these coding options and parametersoare t
be chosen, in an optimal way if possible, before the DCT
@  or DCT-like transforms can be applied to the residue block.
This is considered as a rate distortion optimization pnoble
0 and the most popular solution to this problem is to conduct
(b) football.cif the optimization with a xed quantization parameter. However,
from the perspective of rate control, the quantization ester
is to be optimally chosen based on the residue data after the
rate distortion optimization is performed. Therefore thés
a “chicken and egg” dilemma arti cially caused by modeling
For the same reason, more recent rate distortion theory watle statistics in the transformed domain that has preveated
for videos, such as [3], [4], [33] that adopt these two spatiglobal optimum from being obtained, even for a speci ¢ codec
correlation models, is limited in scope. For example, In [4]9], [12], [35].
[33], distortion-rate performance is analyzed by derivihg Two recently proposed schemes following in the same vein
power spectral density of the prediction error with respeg®], [35] try to tackle this dilemma by either engaging a “two
to the probability density function of the displacemenierr pass scheme” or de ning a “basic unit”. This is an ongoing
This is shown, however, to be incapable of describing, wittesearch direction and for more recent activities pleats re
suf cient accuracy, the measured distortion-rate perfamoe  to [12]. Another recent work on rate distortion modeling for
of a typical video encoder [23]. H.264 [15] treats the residue blocks after intra/inter préadn
2) Statistical models of practical video compression syfa the spatial domain as Laplacian random vectors with
tems: Researchers working on video compression also haseparable correlation coef cients that depend only on ane
developed statistical models of images in the transformguiori parameter. The statistics in the spatial domain are then
domain. The most popular among them treats the discraieed to calculate rate distortion models in the transformed
cosine transform (DCT) coef cients in the predicted frames oflomain. Even though this work also studies the statistics
a video sequence as uncorrelated Laplacian random vagiakile the spatial domain of videos, it relies on a very simple
[17], [18]. If we use the absolute magnitude distortion measumodel of the residue block, and therefore does not address th
d(x; ®) = jx Rj, thereis a closed form rate distortion functiorinterdependence between the rate control and rate distortio
for the memoryless Laplacian source that can be expanded ifptimization.
a Taylor series and approximated ByD) = aq '+ bq 2. In summary, a new statistical correlation model for digitiz
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Fig. 1. The approximate correlation coefcie{ i; ) of two digitized
natural images



natural videos is much needed in both theory and applicatio
This correlation model should be independent of any codin
schemes, rather than modeling the processed values, st
as the DCT coefcients, in a coding scheme, so that th
theoretical rate distortion bounds can be derived to pteédde

fundamental limit on the number of bits (per pixel) needec
to represent a video at a given distortion level. This corre
lation model should also be more sophisticated than the o
correlation models in Egs. (1.1) and (11.2) so that the dedi

theoretical rate distortion bounds are valid. It will be aglu
if this correlation model has a simple form with parameter:
that can be calculated for a specic video, which makes th:
incorporation of the correlation model into a practicalaad

codec design and evaluation possible. In the next section we
propose such a correlation model. Fig. 2. The intra-prediction modes fdr 4 blocks in AVC/H.264 [34]
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IIl. DEFINITION OF BLOCK-BASED CONDITIONAL

CORRELATION MODEL o . .
long as its size is small compared to the size of the image.

In this section we propose a new correlation model forhe local textures need not to be restricted to those de ned i
a digitized natural image or an image frame in a digitize@y/C/H.264. For example, in Fig. 3, the numbered arrows rep-
natural video. We assume that all pixel values within ongesent a few local textures that are de ned as intra-priict
natural image form a two dimensional Gaussian random vect@jodes in AVC/H.264 and the unnumbered arrows represent
with memory, and each pixel value is of zero mean ang few local textures that are not de ned as intra-prediction
the same variance?. From the discussion in Section 1l-1,modes in AVC/H.264. Once the block size and the available
we know that to study the correlation between two pixgbcal textures are xed, the local texture of the currentdilo
values within one natural image, these two pixels should ke chosen as the one that minimizes the mean absolute error
located close to each other compared to the size of the imag@.AE) between the original block and the prediction block
Also for a sophisticated correlation model, the correlatiogonstructed based on the surrounding pixels and the aleilab
between two pixel values should not only depend on the spatigtal textures. It is important to point out that even througe
offsets between these two pixels but also on the other pixeJRoose a very simple and computationally inexpensive way to
surrounding them. calculate the local texture, there are other, more sophistil

Intra-frame prediction is a new feature in AVC/H.264 whichschemes of doing so, as summarized in [36], which should

removes, to a certain extent, the spatial redundancy irhreigproduce even better results in rate distortion modeling.
boring4 4 blocks orl6 16 macroblocks (MBs). If a block

or MB is encoded in intra-mode, a prediction block is formed 1

based on previously encoded and reconstructed surrounding &

pixels. The prediction blocl is then subtracted from the

current block prior to encoding. For the luminance samples, 6 |
P may be formed for a4 4 block or for al6 16 MB. N

There are a total of nine optional prediction modes for each 5 >

4 4 luminance block as shown in Fig. 2 and four optional
prediction modes (mod6 to 3 in Fig. 2) for eachl6 16 0 \. \ \
luminance MB.

To quantify the effect of the surrounding pixels on the
correlation between pixels of interest, we utilize the comhcep
of local texture, which is simpli ed as local orientationgi, Fig. 3. The numbered arrows represent a few local texturésatbale ned as
the axis along which the luminance values of all pixels ifptra-prediction modes in AVC/H.264 and the unnumbered arr@psesent a

. . . few local textures that are not de ned as intra-predictioodes in AVC/H.264
a local neighborhood have the minimum variance. The local
texture is similar to the intra-prediction modes in AVC/H.264,
but with a generalized block size and a arbitrary number of The local texture reveals which one, out of the different
total textures. To calculate the local texture of a block, wavailable local textures, is the most similar to the texture
also employ the pixels on the top and to the left of this blockf the current block. It is reasonable to conjecture that the
as surrounding pixels. However we use the original values difference in local texture also affects the correlatiotween
these surrounding pixels rather than the previously erttodavo close pixels within one video frame. To con rm this we
and reconstructed values used in intra-frame prediction okt calculate the approximate correlation coef cient iveten
AVC/H.264. The block can have any rectangular shape ase block of sizéV N, and another nearby block of the same




size, shifted by i vertically and j horizontally, according
to the following formula

P
1o XGDXG+ Rt )
MN " T IX2GT X2+ G+

b)) = ;
CE 7

(111.4)

for | i1, J j J. This formula is similar to

Eq. (11.3), except that IM N is not the size of a whole
image, but the size of block, usually much smaller than the
image size; 2) the ranges fori and | are different and need

not be smaller tham andN. ~( i; |)is rst calculated for
eachM N block in an image frame. Then they are averaged
among the blocks that have the same local texture. We denote
this average approximate correlation coef cient for eantal
texture as™( i; jjy) wherey denotes the local texture.

In Figs. 4(a) and 4(b), we plo¥( i; jjy) (shown in the
gures as the loose surfaces, i.e., the mesh surfaces thht lo
lighter with fewer data points ) for the rst frames from
paris.cif and football.cif, respectively. The dense stefg i.e.,
the mesh surfaces that look darker with more data points,
are the correlation coef cients calculated using the psmib
conditional correlation model, which will be discussed later
in this section. The block size 8 = N = 4. The available
nine local textures are chosen to be those plotted in Fig. 2.
We set i and j to be very small, ranging from -7 to 7, to
concentrate on the dependence of the statistics on lodaréex
in an image frame. Fig. 4 shows that the average approximate
correlation coefcient™( i; jjy) is very different for the
blocks with different local textures. If we averade i; jjy)
across all the blocks in the picture, we get what is shown in
Fig. 1 in the corresponding region ofi and j, but the
important information about the local texture is lost. Not-su (b) football cif
prisingly ~( i; jjy) demonstrates certain shapes that agregy. 4. The loose surfaces (the mesh surfaces that lookefighith less data
with the orientation of the local textures. It is also int¢ireg points) are’( i; |jy), the approximate correlation coef cients of two pixel
that aIthough the average approximate correlation coefits values in the rst frame from paris.cif and football.cif.ms:tively, averaged
. . . _.among the blocks that have the same local texture; the denfacas (the
of the same local texture in both images demonstrate simildksh surfaces that look darker with more data points) érei; jjy), the

shapes their actual values are quite different. correlation coef cients calculated using the proposedditional correlation
. . . . model, along with the optimal set of parameters
Motivated by these observations, in the following we present

the formal de nition of the new correlation coef cient mode
that is dependent on the local texture.

(a) paris.cif

This de nition satises ( i; jjY1 = y1:Y2 = y2) =
De nition 3.1: The correlation coefcient of two pixel ( i JiYa = yiiY2 = y2). To satisfy the other
values with spatial offsetsi and j within a digitized natural restrictions for a function to be a correlation function:
image or an image frame in a digitized natural video is de ned( 5 §iY1 = y1;Y2 = y2) 2 [ L;1] and (0;0jY; =
as y1:Y2 = y2) = 1, we needa(y) + b(y) =1 anda(y) 1.
Ci jiy)+ (i iye) In order for the correlation model to approximate as closely
: . ; as possible the average correlation coef cients in an video
2 (11.5) we loosen the requiremeaty) + b(y) =1 tob(y) 0 and

(5 JiYi=yisY2=y2) =

where a(y)+ by) 1.

i iiv)= iy i m i,
(5 Jy)=ay)+ By)e - (18 This new correlation model discriminates different local
Y; andY; are the local textures of the blocks the two pixels arextures. As the spatial offsets between the two pixels,
located in, and the parametaasb, , and are functions and j, increase, ( i; jjY1 = y1;Y2 = Yy,) decreases at a
of the local textureY . Furthermore we restridi(y) 0 and different speed depending on the ve parametgrls, , and
a(y) + bly) L , Which will be shown to be quite different for different local



textures. For each local texture, we choose the combinafiontp , and is expected to capture the characteristics of the
the ve parameters that jointly minimizes the MAE betweertontent of the frames of a video scene. Therefore, the change
the approximate correlation coef cients, averaged amolhg af the optimal parametes b, , and from one frame to
the blocks in a video frame that have the same local textu@nother in a video clip with the same scene is of great interest
i.e., ™ i; jjy), and the correlation coef cients calculatedTo study this dependence, instead of calculating the optima
using the new model,( i; jjy). These optimal parametersparameters of each local texture for each frame in a vidgo cli
for one frame in Paris.cif and Football.cif and their correand look at their variations, we use the optimal parameters
sponding MAEs are presented in Table I. (The local textureslculated based on the average correlation coef cientb®f
are calculated for each one of the 4 by 4 blocks; the availablest frame, and then study the average MAE over all local
nine local textures are chosen to be those plotted in Fig.i2; textures between the model-calculated correlation coeffits
and j range from 7to 7.) We can see from this table thatusing these parameters and the average correlation cerf<i
the parameters associated with the new model are quitedistiof the following frames in the video clip. In Fig. 6 we plot
for different local textures while the MAE is always less thasuch MAEs for 90 frames of four CIF videos. We can see
0:05. The values of all ve parameters are also different fothat for paris and news, which have low motion, the MAEs
the two videos. In Fig. 4 we plot( i; jjy) of all the local throughout the whole video sequences are almost the same
textures for the same images from paris.cif and footbéll.cas that of the rst frame. This is not true for football, whose
using these optimal parameters (as the dense surfaces, MAEs quickly reach beyond 0.1 at frame # 21 and jump to 0.3
the mesh surface with more data points). We can see that titdrame # 35. However, this becomes less surprising when we
new spatial correlation model does capture the dependergek at the video frames of this clip presented in Fig. 7. With
of the correlation on the local texture and ts the averagthe high motion in the football video, the frames in this vide
approximate correlation coef cientd i; jjy) very well. do not have the same scene any more. For example, frame #
The parameterg, b, , and should have different 35 looks completely different than the rst frame. Therefpr
optimal values when the block size used to calculate the lodhke optimal parameters generated based on one frame can be
texture is different. Generally speaking, when the availablesed in the other frames of the same scene. Different optimal
local textures are xed, the larger the block size, the legsarameters need to be calculated for different scenes even
the actual average correlation coef cients should agred withough the frames might reside in the same video.
the shape designated by the local texture. What also matters
are the ranges of spatial offsets and | over which the
MAE between”( i; jjy) and ( i; jjy) is calculated.
The larger the range of spatial offsets, the more average
correlation coef cients the model needs to approximate Wwhic
will normally yield a larger MAE. These two aspects are
shown in Fig. 5 for four different videos. As we can see
in Fig. 5 the average MAE over all local textures increase,
when the block size and/or the ranges dfand | increase.
Therefore, when we employ the proposed correlation model
and its corresponding optimal parameters in applicatioich s
as rate distortion analysis, we need to choose the block size
and spatial offsets that yield a small MAE, chosen here to be
0.05.
Fig. 6. The average MAE over all local textures, between the ehod
calculated correlation coefcients using the optimal paeters of the rst

frame in a video clip, and the average correlation coef tseof the following
frames in the video clip

In the following sections, we study the rate distortion
bounds of digitized natural videos which depend not only on
the correlation model, but also on the pixel variance. Tioeee
we discuss brie y here the change in pixel variance from one
frame to another in a video clip as plotted in Fig. 8. The
results in Fig. 8 agree with those in Fig. 6 very well: for videos
paris and news which have low motion and therefore can be
considered as having only one scene in the entire clips, the
change in pixel variance throughout the video clip is almost
negligible; for videos with higher motion, such as bus and
The new correlation model with its optimal parametars football, a new pixel value variance should be calculateskda

Fig. 5. The average MAE over all local textures, for differéhbck sizes
and spatial offsets of four videos



TABLE |
THE OPTIMAL PARAMETERS FOR ONE FRAME INPARIS.CIF AND FOOTBALL.CIF AND THEIR CORRESPONDING MEAN ABSOLUTE ERROREMAES)

Paris.cif Football.cif
a b MAE a b MAE
texture #0] 0.3 0.6 | 0.7 0.0 | 0.6 | 0.022 texture #0| 0.2 0.6 | 0.8 0.0 | -0.1 | 0.045
texture #11 0.3 0.6 | 0.9 | -0.2] 0.0 | 0.024 texture #1] 0.8 0.2 0.3] -1.0| 0.1 | 0.017
texture #2] 0.6 | 0.3 0.9 0.0 | -0.1] 0.035 texture #2] 0.6 | 0.3 0.8 0.0 | -0.2 | 0.043
texture #3] 0.6 | 0.3 0.9 | -0.2| -0.1 | 0.043 texture #3] 0.5 0.5 0.5] 0.4 | 0.5 | 0.048
texture #4| 0.6 | 0.3 0.7| 0.1 | -0.2| 0.034 texture #4| 0.3 0.6 | 0.7] -0.1| 0.1 | 0.040
texture #5] 0.6 | 0.3 0.7 | 0.2 | -0.6 | 0.028 texture #5] 0.4 [ 0.5 09| 0.1 | -0.3 | 0.034
texture #6] 0.6 | 0.4 05| -1.3| 0.4 | 0.026 texture #6] 0.6 | 0.4 0.5] -0.2| 0.1 | 0.031
texture #7] 0.6 | 0.4 05| 0.4 | 1.1 ] 0.030 texture #7]1 0.4 0.6 | 0.5] -0.3| -0.7 | 0.044
texture #8] 0.6 | 0.4 0.6 | 0.4 | 0.1 | 0.046 texture #8] 0.7 0.3 0.6 | 0.4 | 0.1 | 0.029

(a) frame #1

on the frames in each scene of the video.

(b) frame #21

Fig. 7.

(c) frame #35 (d) frame #89

Four frames in video clip football.cif

Fig. 8. Pixel value variance of 90 frames in four video clips

IV. THEORETICAL RATE DISTORTION BOUND WITH LOCAL

TEXTURE AS UNIVERSAL SIDE INFORMATION

With the new block-based local-texture-dependent cotrela 1
tion model, we study the rate distortion bound of the video ——E[jjS $ji?)] D and —E[jjX Xijj’] D: (IV.8)
source where no compression scheme is assumed. To facilita 1X]
the comparison with other rate distortion bounds involving The average distortion constraint is used dominantly in im-
certain compression schemes derived later in this paper aagk and video compression, while recent research in pealeptu
the operational rate distortion functions, the video seusc quality measurement of videos has suggested the importance
constructed by two part¥ as anM by N block andS as the of the separate distortion constraint on maintaining petrce
surrounding?M + N +1 pixels @M on the topN to the left video quality, because the variation in video quality from
and the one on the left top corne¥).denotes the information frame to frame or from one region to another in the same

of local textures formulated from a collection of naturabiges
and is considered as universal side information available t
both the encoder and the decoder. The number of available
local textures is denoted kY j. We only employ the rst order
statistics ofY, P[Y = vy], i.e., the frequency of occurrence
of each local texture in the natural images and videos. In
simulations, when availabl&®[Y = y] is calculated as the
average over a number of natural video sequences commonly
used as examples in video coding studies.

In the following we rst investigate brie y the joint coding
of S and X without the universal side informatio¥, the
case normally studied in information theory; we then focus on
the case whery is taken into account in the rate distortion
analysis, where interesting new results lie.

Two different distortion constraints are considered irs thi
paper, denoted by “avgD” and “sepD” respectively:

Average distortion constraint (avgD):

L P L0
S+ EUS SiIFl+ElX X§*] D (v7)
Separate distortion constraint (sepD):



frame induces an unpleasant viewing experience of the humiafiormation, is

users. In this section the lowest rate that can be achieved by o ,
. . _ R§;><J0|mly withY (D)
coding X_ and S together is studied; therefore, we only use ) L 0Cs:2:8iY)
the average distortion constraint. T opsixsy): af,';',? nEp  (V:7) iSi+jX]
= min Ry -siy=y(Dy)P[Y = vyI:
Dy:PyDyP[Y:y] oy NXisiY y(Dy)P[ yl
A. Rate distortion bound without taking into account side (IV.14)
information Because the proposed correlation model discriminates all

the different local textures, we can calculate the margiais r
The rate distortion bound without taking into account thelistortion functions for each local textur&y .sjy=y(Dy),
texture as side information is a straightforward rate digio as plotted in Fig. 9 for paris.cif and football.cif. The lbca
problem of a source with memory which has been studigdxtures are calculated for each one of the 4 by 4 blocks, the
extensively. It can be expressed as available nine local textures are chosen to be those plotted
in Fig. 2, and the spatial offsetsi and | are set to range
- from -7 to 7. The two plots in Figs. 9(a) and 9(b) show that
X528 . (IV.9) the rate distortion curves of the blocks with different local
+

MiNp(a;six;5): avgD in Eq: (IV:7) —jsj+jx] ° textures are very different. Without the conditional ctatien

which is the minimum mutual information between the sourcg0€f cient model proposed in this paper, this differenceldo
XS and the reconstructiorX ; 8, subject to the averagenot be calculated explicitly. The relative order of the nine
distortion measure, avgD, as de ned in Eq. (IV.7). To faat local textures in terms of the average rate per pixel depends
the comparison with the case when side informa¥ois taken Not only on the texture but also on the parameters associated

Rs:x jointly  withouty (D)
|

[~

into account, we calculate the correlation matrix as with the correlation coef cient model for each local texture
Y For example, texture # 1, which is horizontal prediction, by
E X (XT ST) _ 2 X iy PIY =yl intuition should consume less rate compared to other more
S = = S ' complicated textures (# 3 through #8), which is the case

y=0 (IV.10) for paris.cif. However for football.cif, texture # 1 consumes

where the conditional correlation coef cients are exactlyawh higher rate for some of the more complicated textures. This
the new model de nes. can be explained by looking at Fig. 4. In Fig. 4(b) both the
approximate correlation coef cients and the model-caited
correlation coef cients of texture #1 are above 0.8, which is
B. Rate distortion bound with local texture as side informati very high compared to those of the other textures. This means
that the marginal rate distortion functions depend not amly
The rate distortion bound with the local texture as sidthe local texture, but also on the characteristics of a speci
information is a conditional rate distortion problem of aisze  video. The latter dependence is captured by the ve paramete

with memory. ab, , , inthe new correlation model.
The conditional rate distortion function of a soud¢ewith Utilizing the classical results for conditional rate distor
side informationY is de ned as [37, Sec. 6.1] tion functions in Eq. (IV.13), the minirr@glém in I%g.)(lv.14)
. . is achieved atD%s where the slopes—>=2=y_"Y! gre
. = : : y @
Ruiv (B) (i) D (V) DI(L’KJY)’ (V1) equal for ally and =, DyP[Y = y] = D. In Fig. 10
we plot this miNiMumMRs:x jointy  withy (D) as well as
where > L
) P _ Rs:x jointy withouty (D) as dashed and solid lines, respec-
DX XIY) = qy PXRY)D(X; RY); tively, for two videos and three different blocksizes. Inier
vy~ © - p(x;Rjy) . (IV.12) to have a better idea of the region of interest for the aver-
X XiY) = xizy POGRS y)IO(‘:]p(gjy)p(gjy)' age distortion levels, we plot in Fig. 11 the correspondence

It can be proved [38] that the conditional rate distortior? gtwegn peak signal to_n0|se ra‘uo (PSN.R) and the average
S distortion when the maximum pixel value is 255. Comparing
function in Eq. (IV.11) can also be expressed as . - . T oS
X each pair of curves (solid line - without side information;
Ry vy (D) = A,mi”p Ry jy (Dy)p(Y); dashed line - with side ?nfo_rmati(_)n, the same markers for t_he
DPsD(X:XjY)=  , Dyply) D same blocksize) for paris.cif in Fig.10(a) shows that engagi
. . . . - (IV13) the rst-order statistics of the universal side informatiy
and the minimum is achieved by adding up the individual, alsgaves at least 1 bit per pixel at low distortion levels (difo
called marginal, rate-distortion functions at points oi@q |ess than 25, PSNR higher than 35 dB), which corresponds to
slopes of the marginal rate distortion functions. a reduction of about 100 Kbits per frame for the CIF videos
Following the above classic results of conditional ratand 1.5 Mbps if the videos only have intra-coded frames and
distortion theory, the rate distortion bound based on the neare played at a medium frame rate of 15 frames per second.
correlation model with the local texture as universal sid&his difference decreases as the average distortion isesea



(a) paris.cif (a) paris.cif

(b) football.cif

. . ) . . . b) football.cif
Fig. 9. Marginal rate distortion functions for differentcll textures, (b) football.ci

Rx:sjy=y(Dy) Fig. 10. Comparison of the theoretical rate distortion baund
in Section IV for two videos and three different blocksizesolid
lines — Rs.x jointy withouty (D) (Eq. (IV.9)); dashed lines —
Rg;xﬁ jointly withy (D) (Eq- ((IV-14»

but remains between quarter a bit and half a bit per pixel
at high distortion level (distortion at 150, PSNR at about 26
dB), corresponding to about 375 Kbps to 700 Kbps in bit rate
difference.

The rate distortion curves of paris.cif are generally highe
than those of football.cif due to the higher pixel variance
in paris.cif. For both videos, the higher the blocksizes th
lower the rate distortion curves. This is reasonable because
when correlation among a larger set of pixels is explored the
average rate per pixel should be lower. The difference between
each pair of curves (solid line - without side information;
dashed line - with side information, the same markers fafig. 11. The correspondence between peak signal to noise EISNR) in
the same blocksize) in Figs. 10(a) and 10(b), however, doésand the average distortion when the maximum pixel value&&far CIF
not have a monotonic relationship with the block size at an§fe® rames
distortion level. For example, at distortion 50, for paIIIB V. RATE DISTORTION BOUNDS FOR BLOCKING AND
this difference for blocksize 8x8 is lower than those of the PREDICTION ACROSS NEIGHBORING BLOCKS
other two blocksizes; but for football.cif, this differemdor

. T . Breaking an image frame intd6 16 pixel MBs and
blocksize 8x8 is higher than those of the other two bIOClS'Zeprocessing one MB at a time, commonly known as the



“blocking” scheme, has been employed in the most popular

image coding standards such as JPEG and almost all video , A (D)= Re(®)IXi*Rs(OS].
coding standards such as MPEG-2/4 and the H.26x series ' SXseparately  withoutY ISEILS V17
[28]-[31]. In AVC/H.264 intra-frame prediction is utilized (V-17)

to reduce the spatial redundancy in the intra-coded framesWhich is the average of the rate distortion functions of
as discussed in Section Ill. With the new block-based locak- @nd S. We plot Rs;x separately ~ withowry (D) as dotted
texture-dependent correlation model, an explicit studghef 'IN€S in Fig. 13 for two videos and three different block
rate distortion behavior of these key schemes, such asibtpckSizes: Not surprisingly for both videos and all three block
and intra-prediction, is feasible. The basic set up can [$¥€S; codind andX separately costs more bits than coding
summarized in the block diagram in Fig. 12. denotes the them jointly. The difference in bit rate decreases as thekolo

M by N block currently being processed. The surroundin@ize increases, since for smaller block sizes information o
2M + N +1 pixels @M on the top,N to the left and the Stonger correlation across the blocks is disregardedh Wit
one on the left top corner) denoted’ﬁyare used to form a the new correlation coef cient model and the corresponding

prediction block for each one of the available local texsyre 'at€ distortion curves, we can calculate explicitly the bier
as increase caused by blocking. For example, this penalty és on

Z=x PéA)§; (V.15) sixth bit per pixel _in this .pIot at all distortion levels indi
13(a), which is quite signi cant.
where Péa) isaM N by 2M + N +1 matrix, different
for each local textureA is the local texture chosen for the, Rate distortion bound for blocking and optimal prediction
current block which yields the smallest prediction errdr. ) ) )
andA are further coded and transmitted to the decoder, where!n the following we focus on the scenario when the video

the predicted value is added in to obtain frames are processed block by block sequentially but the€or
P lation among the blocks is utilized through predictive cagdi
K = Z + Pé ) S: (V.16) We restrict ourselves to the separate distortion measg@ se

. - . . in Eq. (IV.8) and therefor& is coded with no consideration
In the block diagram in Fig. 12¢ denotes the information of of X, after whichZ and A are calculated by using intra-

Iocal_texture_s formulated _from a c_olle<_:t|on of T‘at”ra' 89 e diction in Eq. (V.15). The rate distortion function fdrig
and is considered as universal side information available gcenario is

both the encoder and the decoder. The number of available
local textures is denoted Ly j.

l é Rg;;;A separately withoutY (D) = minp(gg): E [ji sngjj 2] D I (§- S)
S
= . : — 2 +min i e 1(Z;A;2;8) I(jSj+ jX]j
X Prediction ZiA M inermediate | 2 A [ verse | X p(ziajzass ;o EUX Xi%l p (ZiAZA) TSI+ IX0)
processing prediction (V.18)
v If we restrict thatA = A, i.e., we code the local texturk
T Y losslessly, the second part in Eq. (V.18) becomes
F_ig. 12. Coding of onM by N block X and the surroundingM + N +1 . 2 A
pixels S My g azasier relix X2 o HEAZA)=
| _ MiN a1 ey pior o 1 (Z:2JA)+ H(A);
With the block based nature of the new correlation model, pziziaisi®) rElIX. Xji?] D

we study the penalty paid- in average rate W_hen. the COrr?’hich forms an upper bound for all the scenarios v(v\lg;igs)
lation among the _ne|ghbor!ng MBs or t_)IO(_:ks Is disregarde oded either losslessly or subject to a delity criterionsél
completely (blocking, Section V-A) or is incorporated ParnenA = A we have

tially through the predictive coding (blocking and intrahe '

prediction, Section V-B). In this Section we use the separate pige P . (a) Y
distortion measure, sepD as de ned in Eq. (1V.8) since inE[E,L %] I]2_R RaFE’f(a)E[JJ(l+ PiMS) (Z+ Pi¥8)jj%jal
video coding each MB is processes sequentially and onlyf loc& . Pr(a) ,  , ,P(z2s8a)(2z 2)'(2 2)+
distortion is considered. The rate distortion bounds dated [SS 9TPPTRE@ (@ g+2(s 9 PPT(2  z)dsdsdzds:

using sepD should be slightly higher than those when avg T (V20)

is used. In order to investigate the lowest rate when predictive
) _ _ coding is employed, we use the optimal linear predictor

A. Rate distortion bound for blocking Pést) = E[XSTjal(E[SS"ja]) * assuming thaE (SSja) is

Since in this subsection we are interested in the penalty paidn-singular. Since the source is assumed to be zero-mean
in average rate when the correlation among the neighborifgaussian, the optimal linear predictor is also the optimal
MBs or blocks are disregarded complet@yandX_are coded conditional mean predictor. The optimality is in the sense o
separately with the separate distortion constraint sepDgin Eminimizing MSE of X . When the optimal linear predictor

(IV.8). The total rate can be calculated as Pé@t) is used, the cross-product term in Eq. (V.20) disappears.



(a) paris, block size 4x4 (b) football, block size 4x4

(c) paris, block size 8x8 (d) football, block size 8x8

(e) paris, block size 16x16 (f) football, block size 16x16

Fig. 13. Comparison of rate distortion bounds in Sections hd & for two videos and three blocksizes: solid linesRs-x jointly ~ withouty (D)
in Eq. (IV.9); dashed lines Rs:x jointy  withy (D) in EqQ. (IV.14); dotted lines -Rs:x separately ~ withouty (D) in Eq. (V.17) ; dash dot lines —
Rg;;;A separately sep upperbound (D) in Eq- (\/-24)



Let 7 7 different processing blocksizes, as can be seen in Fig. 13.
It can be calculated along with the rate distortion bounds

0 — . & Tp@TK(a) .
Ps= Pria) s 8 P(s:8ia)(8 S) Popt Pop (8 S)dsdS: e derive in this paper and be utilized in real video codecs.
a = = (V.21) More discussions abodR;;A separately  upperbound (D) are
Eqg. (V.20) becomes presented in Section VI when compared to the operational rate
. distortion curves of AVC/H.264.
EfjX Xjj’]= jzjDz + D: (V.22)

VI. COMPARISON TO THE OPERATIONAL RATE

SinceS is optimally coded without consideration &f as in DISTORTION CURVES OFAVC/H. 264

the rst part of Eq. (V.18)D 2 is xed as well. The constraint

on the distortion oZ becomes Among all the rate distortion functions we investigate
in the previous sections, engaging prediction and coding
Dz (iXjD Dg)dZ] (V.23) g, z and A separately with the separate distortion con-

straint, as in Section V-B, is the most similar to intra-fame
coding in state-of-the-art codecs such as AVC/H.264. The
upper boundRs:z :A separately  upperbound (D) in Eq. (V.24)
is achieved when the local texture A is losslessly coded
and optimal prediction is employed. Since in AVC/H.264,
The conditional rate distortion functioRzjs (Dz) in Eq. for intra-coded frames, the intra-modes are always coded
(V.24) is again calculated based on the “equal slope” tlraordosslesslyRs:z :a separately  upperbound (D) should be a lower
of the marginal rate distortion functiorRz;a-.(Da) [38]. bound for the operational rate distortion function of intra
In this case since the actual local text#xds coded without frame coding in AVC/H.264. If we remove all the as-
any loss, the exact statistics of A are available at both tlsamptions on coding, the rate distortion bound of a video
encoder and the decoder; therefore, whether the univedsal sframe iS Rs:x jointy  withy (D) in Eq. (IV.14). It is the
information Y is available or not becomes insigni cant. Thetheoretical rate distortion bound that is solely based on
only complexity in computation is caused beca&SS"ja) the proposed correlation model of the video source and
is usually singular when the direction of the local texture isakes advantage of the universal side information on the
DC, horizontal, vertical, or too close to horizontal/vertida local texture.Rs x jointy  withy (D) should always be lower
these cases we use the pseudo-inverse matvh‘x([ﬁTja) in than Rs.z :A separately  upperbound (D) according to the data
the calculation. processing theorem [39]. A third rate distortion bound is
The bit rate decrease from the dotted lines (cod®ig Rs:xjointy withouty (D) as calculated in Eq. (IV.9). Without
and X separately, Eq. (V.17)) to the dash-dotted lines (thiking into account the texture information this rate disom
upper bound of codin@, Z and A separately with optimal bound should perform similarly to those based on the old
prediction, Eqg. (V.24)) is truly phenomenal in all the plotorrelation models as discussed in Section II-1.
in Fig. 13 at low distortion levels, corresponding to about In Fig. 14 we plot these three rate distortion bounds
1 bit per pixel for paris and between half a bit to 1 bitfor paris.cif and the operational rate distortion functidior
per pixel for for football at distortion 25 (corresponding t paris.cif intra-coded in AVC/H.264. In AVC/H.264 we choose
PSNR 35 dB). This bit rate saving decreases as the distortithe main pro le with context-adaptive binary arithmetic dogl
increases, and interestingly, it vanishes for footballetain (CABAC), which is designed to generate the lowest bit rate
distortions. This is because spending bits coding the locaiong all pro les. Rate distortion optimized mode decision
texture A losslessly becomes unjusti able at high distorti and a full hierarchy of exible block sizes from MBs to 4x4
levels. This is especially true when the bit rate is low anblocks are used to maximize the compression gain. For the
the processing block size is small. We can see that in Figite distortion bounds, we choose the block size 16x16 and
13(b) the dash-dotted line and the dotted line intersect attlae spatial offsets as from16 to 16.
distortion of about 180, corresponding to an average rate of As shown in Fig. 14, the rate distortion bound without
0.4 bits per pixel. The average bit rate spent on coding thecal texture informationR s:x jointy ~ withoury (D) as in Eq.
local texture A losslessly is simply the entropy of A, dividedIV.9), plotted as a solid line, is higher than the actual
by the number of pixels per block, which is 16 in Fig. 13(bpperational rate distortion curve of AVC/H.264 at all distonti
since4 4 blocks are investigated. This average rate is abold@vels. The rate distortion bound with local texture infotioa
0.2 bits per pixel, or 50% of the total average rate. This i@ken into account while making no assumptions in coding,
to say that for this particular video football.cif, procedsin i.e., Rs:x jointy withy (D) as in Eq. (IV.14), plotted as a
4 4 blocks, 0.4 bits per pixel is the threshold in averagdashed line, is indeed a lower bound with respect to the
rate that depicts when incorporating the correlation amoraperational rate distortion curves of AVC/H.264. The rate dis-
the neighboring blocks through optimal predictive codimgl a tortion bound calculated based on the new texture dependent
coding the local texture A losslessly, becomes worse thaorrelation model for the scenario where optimal predictive
discarding the correlation among the neighboring blockss T coding is engaged to cod& Z and A separately with separate
crossover average rate is different for different videod ardistortion constraint, i.eRs;z ;A separately  upperbound (D) as

An upper bound for Eq. (V.18) is thus

1
R§;Z_;A separately upperbound (D) ISi+iXJ

J§JR§(D)+ J;J A( D DS)+ H(A) (V24)



in Eg. (V.24), plotted as a dash dotted line, is a rea-
sonably tight lower bound, especially at medium to high
distortion levels. In Fig. 15(a) we plot this lower bound
R§;;;A separately upperbound (D) (Eq- (V-24)) and the oper-
ational rate distortion function using AVC/H.264 for two
other videos. We can see that although the lower bounds are
calculated based on only ve parameters generated from each
video, they do agree with the operational rate distortiowesir

of the corresponding video reasonably well. If we further plot
these lower bounds as average rate per pixel versus PSNR of
a video frame as in Fig. 15(b), the lower bounds appear to be
nearly, linear which shows promises in codec design.

Fig. 14. Comparison of the rate distortion bounds and theatipexal rate
distortion curves of paris.cif intra-coded in AVC/H.264

VII. CONCLUSIONS

We propose a conditional correlation model for two close
pixels in one frame of digitized natural video sequenced) wit
the conditioning being on the texture of the blocks where

(a) average rate vs. average distortion

(b) average rate vs. PSNR

the two pixels are located. This new correlation model i5ig. 15. The lower bounds calculated based on the new caarledef cient

dependent upon ve parameters whose optimal values can@
calculated for a speci ¢ image or video with a mean absolute
error (MAE) usually smaller thar5%. Classical results in
information theory are utilized to derive the conditionater
distortion function when the universal side informationadfal
textures is available at both the encoder and the decoderhwhi
is shown to save as much as 1 bit per pixel for selected videos
at low distortions. We further study the common “blocking”
scheme which divides a video frame irt6 16 macroblocks 1]
or smaller blocks before processing. With the block based
nature of the new correlation model, we nd the penalty paid in[2]
average rate when the correlation among the neighboring MBs
or blocks is disregarded completely or is incorporated@rt 3]
through predictive coding. The three rate distortion baund
investigated are compared to the operational rate distorti [4]
functions generated in intra-frame coding using AVC/H.264
video coding standard. The rate distortion bound withoutlloc [5]
texture information is shown to be much higher than the
actual operational rate distortion curve of AVC/H.264. Theyg
rate distortion bound with local texture information taketoi
account while making no assumptions in coding, is indeed
a lower bound with respect to the operational rate distortiorV]
curves of AVC/H.264. The rate distortion bound involving

del and its corresponding optimal parameters for thrdeos, compared
he operational rate distortion curves of these videaeddan AVC/H.264

lossless coding of texture information and optimal predict
is a reasonably tight lower bound and can be utilized in video
codec design.
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